Abstract. Symmetric powers of quasi-projective schemes can be extended, in terms of left Kan extensions, to geometric symmetric powers of motivic spaces. In this paper, we prove that the left derived geometric symmetric powers provide a λ-structure on the motivic homotopy category over a field.
Introduction
Symmetric powers play an important role in algebraic topology and algebraic geometry. The Dold-Thom theorem says that the group completion of the infinite symmetric power of a pointed connected CW -complex is weak equivalent to a product of the Eilenberg-MacLane spaces associated to its homology groups. Voevodsky has developed a motivic version of this theorem in terms of geometric symmetric powers of motivic spaces and the motivic Eilenberg-MacLane spaces. Geometric symmetric powers are Kan extensions of the symmetric powers of schemes considered in an admissible category of schemes over a field [9] . An admissible category 1 is closed under taking quotients of schemes by finite groups and contains the affine line as an interval. Categoric symmetric powers are the quotients of Cartesian powers of motivic spaces by the action of symmetric groups. Categoric symmetric powers preserve A 1 -weak equivalences, and their left derived functors provide a λ-structure on the pointed and unpointed (unstable) motivic homotopy categories of an admissible category, [4] . The goal of the present paper is to prove that geometric symmetric powers also provide a λ-structure on the pointed unstable motivic homotopy category of an admissible category.
For that purpose we first consider a certain cofibrant resolution on the category of simplicial Nisnevich sheaves on an admissible category, induced by the generating cofibrations of the category of simplicial sets. It allows us to deduce that every motivic space is A 1 -weak equivalent to a simplicial sheaf, given termwise by coproducts of representable sheaves, as it was showed by Voevodsky in the context of radditive functors, see [9, 10] . It turns out that every cofibre sequence is isomorphic, in the pointed motivic homotopy category over the admissible category, to a split cofibre sequence of simplicial sheaves, which termwise are coproducts of representable sheaves. Geometric symmetric powers in split cofibre sequences induce the corresponding Künneth towers and thus provide a λ-structure on the motivic homotopy category. This gives the following result (Theorem 34 in the text):
The left derived geometric symmetric powers provide a λ-structure on the pointed unstable motivic homotopy category of an admissible category of quasi-projective schemes over a field.
The paper is organized as follows. In Section 2, we give a survey of admissible categories and basic properties of simplicial Nisnevich sheaves. Section 3 is devoted to the study of geometric symmetric powers and Künneth towers associated to split cofibre sequences. Section 4 is about the A 1 -localization of geometric symmetric powers. In section 5 we recall the notion of a λ-structure and prove the main result (Theorem 34).
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Admissible categories and Nisnevich sheaves
Throughout the paper k will denote a field of arbitrary characteristic and we write A 1 for the affine line over Spec(k). Let Sch/k be the category of schemes over k. For two k-schemes X and Y , we write X × Y to mean the Cartesian product X × Spec(k) Y . We also denote by X ∐ Y the disjoint union of the X and Y , as schemes. We recall that the point Spec(k) is the terminal object of Sch/k, whereas the empty scheme ∅ is its initial object.
We say that a full subcategory C of Sch/k is called admissible, if it satisfies the following five axioms: (i) the point Spec(k) and the affine line A 1 are objects of C , (ii) for any two objects X and Y of C , the product X × Y is in C , (iii) for any two objects X and Y of C , the disjoint union X ∐ Y is in C , (iv) if U → X is anétale morphism of k-schemes such that X is in C , then U is in C , (v) If G is finite group acting on an object X of C , then the quotient X/G is in C whenever it exists. In [9] , this definition appears as f -admissible category.
A typical example of an admissible category is the category of quasi-projective schemes over k. Remark 1. It is not true that all admissible categories of schemes over a field contain the projective line P 1 over a field. For example, the subcategory of normal quasi-affine schemes over a perfect field is admissible, but the projective line P 1 is not quasi-affine.
Unless otherwise mentioned, C will be a small, admissible category contained in the category of quasi-projective schemes over k.
An elementary distinguished square in C is a Cartesian square of the form Q :
where j is a open embedding and p is anétale morphism such that the induced morphism p −1 (X − U) red → (X − U) red of reduced schemes is an isomorphism. We recall that a family ofétale morphisms {f i : U i → X} i∈I of C is a Nisnevich covering if for every point x ∈ X, there exists an index i ∈ I and a point y ∈ U i such that f i (y) = x and the corresponding morphism of residual fields k(x) → k(y) is an isomorphism. The Nisnevich topology on C can be described as the smallest Grothendieck topology generated by families of the form {j : U → X, p : V → X} associated to an elementary distinguished square (2) (see [11, page 1400]). We denote by C Nis the site consisting of C and the Nisnevich topology on it.
We denote by Pre(C ) the category of presheaves on C , i.e., the category of functors from C op to the category of sets. A presheaf F on C is a sheaf in the Nisnevich topology if and only if for each elementary distinguished square as (2), the square of sets
is Cartesian. Unless otherwise specified, S will denote the category of sheaves on C Nis .
We denote by h : C → Pre(C ) the Yoneda embedding. Since representable sheaves are Nisnevich sheaves, sometimes we use the same letter h to denote the full embedding of C into S . We recall that the forgetful functor from S to Pre(C ) has a left adjoint which we denote by a Nis . The category S is complete and cocomplete, its terminal object is h Spec(k) , and filtered colimits of Nisnevich sheaves in the category of presheaves are Nisnevich sheaves.
Let {F i } i∈I be a family of objects in S . The coproduct of this family in S is the sheafification a Nis i∈I F i of the coproduct i∈I F i in Pre(C ). We abusively denote it by i∈I F i , if no confusion arises.
In this paper, we shall consider the injective model structure on the category of simplicial sheaves ∆ op S , where the class of cofibrations is the class of monomorphisms, a weak equivalence is a stalk-wise weak equivalence and fibrations are morphisms having the right lifting property with respect to trivial cofibrations.
The category ∆ op S is a simplicial category. For a simplicial sheaf X and a simplicial set K, we define the product X × K to be the simplicial sheaf, such that for every n ∈ N, its term (X × K) n is defined to be the coproduct Kn X n in S .
For a couple of sheaves (X , Y ), the function complex Map (X , Y ) is defined to be simplicial set which assigns an object [n] of ∆ to the set
Then, for every pair of simplicial sheaves (X , Y ) and every simplicial set K, one has a natural bijection,
which is functorial in X , Y and K.
For each object U of C , we denote by ∆ U [0] the constant functor from ∆ op to S with value h U . For each n ∈ N and each object U of C , we denote by
Notice that Yoneda lemma implies an isomorphism Map (
, for every object U of C and every simplicial sheaf Y . Hence, replacing X by ∆ U [0] in (1), we obtain an isomorphism (2) Hom
We write C + to denote the full subcategory of the pointed category C * generated by objects of the form X + := X ∐ Spec(k). We denote by S * the pointed category of S . The symbols ∨ and ∧ denote, respectively, the coproduct and the smash product in S * .
In the next paragraph, we recall the notion of∆-closed classes introduced by Voevodsky (see [10] ) which allow us to describe weak equivalences as a class generated by morphisms having a simpler form.
Let D be a category with finite coproducts. A class of morphisms E of ∆ op D is called∆-closed, if it satisfies the following four axioms: (i) E contains all ∆[1]-homotopy equivalences in ∆ op D, (ii) E has the 2-out-of-3 property, (iii) if f is a morphism of bi-simplicial objects on D such that for every n ∈ N, either f ([n], −) or f (−, [n]) belongs to E, then the diagonal morphism of f belongs to E, and (iv) E is closed under filtered colimits. For any class of morphisms E in ∆ op D, we denote by cl∆(E) the smallest∆-closed class containing the class E.
A morphism from A to X in D is called coprojection, if there exists an object Y of D such that this morphism is isomorphic to the canonical morphism from A to A ∐ Y . A morphism f in ∆ op D is called a termwise coprojection, if for each natural n, its term f n is a coprojection.
Example 2. The class of A 1 -weak equivalences in ∆ op S coincides with the∆-class cl∆(W Nis ∪ P A 1 ), where W Nis is the class of local equivalences with respect to the Nisnevich topology and P A 1 is the class of projections from [3, Th. 4, page 378] ). Similarly, the class of A 1 -weak equivalences in ∆ op S * coincides with the class cl∆(W Nis,+ ∪ P A 1 ,+ ), where W Nis,+ is the image of W Nis and P A 1 ,+ is the image of P A 1 through the functor which sends a simplicial sheaf X to the pointed simplicial sheaf X + .
Example 3. Let C be as in the beginning and let X be a simplicial sheaf on C Nis . If K ⊂ L is an inclusion of simplicial sets, then the canonical morphism from X × K to X × L is a termwise coprojection. Indeed, for each natural n, the n-simplex (X × K) n is equal to the coproduct of sheaves Kn X n , similarly, (X ×L) n is equal to Ln X n . In view of the inclusion K n ⊂ L n , we have a canonical isomorphism
which allow us to deduce that (X × K) n → (X × L) n is a coprojection for all n ∈ N.
We recall that ω usually denotes the countable ordinal. This notation will be used in Lemma Proof. Since colimits in ∆ op D are termwise, it is enough to prove that the class of coprojections in D is closed under (a) pushouts, (b) arbitrary coproducts and (c) countable transfinite compositions of coprojections. Indeed, (a) follows from the fact that the pushout square of a coprojection i A : A → A ∐ Y and a morphism f : A → B is a cocartesian square of the form
where the bottom horizontal and the right vertical arrows are the canonical morphisms. To prove (b), we give a family of canonical coprojections {A i → A i ∐ X i } i∈I , where I is a set of indices. We can assume that I is an ordered set. Then, the coproduct i∈I (A i ∐X i ) is isomorphic to the coproduct i∈I A i ∐ i∈I X i , which allow us to deduce (b). Finally, the class of coprojections is closed under countable coprojection because one can deduce that any countable sequence X 0 → X 1 → X 2 → · · · (n < ω) has terms of the form n i=0 X i for all n < ω. Therefore, its tranfinite composition coincide with the canonical morphism from X 0 to i<ω X i . This shows (c) .
We denote byC the full subcategory of S generated by objects isomorphic to coproducts of representable functors in S . The full embedding ofC into S induces a full embedding of ∆ opC into ∆ op S .
Corollary 5. Let I be a set of morphisms in ∆ opC consisting of termwise coprojections. Then any countable transfinite composition of pushouts of coproducts of elements of I, is a termwise coprojection with terms of the form
Proof. Let X : ω → ∆ op S be a ω-sequence such that each n < ω, the morphism X n → X n+1 is a pushout of coproducts of elements of I. Since I consists of termwise coprojections in ∆ opC , by Lemma 4, the coproduct of elements of I is a termwise coprojection in ∆ opC . Since termwise coprojection are closed under pushouts, we deduce that terms of each morphism X n → X n+1 are canonical morphisms of the
, where Y n,i is an object inC , for i ∈ N. Finally, by the same Lemma, we conclude the each term of the transfinite composition of X is a a canonical morphism of the form
We define the following sets of morphisms of simplicial sheaves
for all U ∈ C and n ∈ N.
Lemma 6. For any object U ∈ C and every finite simplicial set K, the object
Proof. Let us fix an object U ∈ C and a finite simplicial set K. Since K is finite, there is a finite cardinal κ such that K is κ-small relative to all morphisms of ∆ op Set. We claim that ∆ U [0] × K is κ-small relative to all morphisms in ∆ op S . Indeed, let λ be a κ -filtered ordinal and let
be a λ-sequence of simplicial sheaves on C Nis . Since filtered colimits of Nisnevich sheaves (computed in the category of presheaves) are sheaves, we obtain a λ-sequence of simplicial sets,
where the vertical arrows are bijections. Since K is κ-small relative to all morphisms of ∆ op Set, the below arrow of the preceding diagram is bijective, hence the top arrow is so. This completes the proof.
Lemma 7. Every morphism in (I proj )-inj is a section wise trivial fibration.
Proof. Let f : X → Y be a morphism in (I proj )-inj and let us fix an object U of C . By the naturality of the isomorphism (2), a commutative diagram
in ∆ op Set, corresponds biunivocally to a diagram
As the left vertical arrow is an element of I proj , the above diagram has a lifting. Therefore, the bijection (2) induces a lifting of (3).
The following corollary is a consequence of the small object argument. It will be useful to show the cofibrant resolution takes its values in the category ∆ opC .
Corollary 8. There exist a functorial factorization
, where β(f ) is section wise trivial fibration and α(f ) is a termwise coprojection with terms form X n → X n ∐Y n , where Y n is an object ofC .
Proof. By Lemma 6, the objects ∂∆ U [n] and ∆ U [n] are finite relative to ∆ op S . Since the countable ordinal ω is κ-filtered, the small object argument provides the a factorization such that β(f ) in (I proj )-inj and α(f ) is a countable transfinite composition of pushouts of coproducts of elements of I proj . By Example 3, every morphism
opC . Therefore, Corollary 5 provides the desired factorization.
We denote by Q proj the endofunctor of ∆ op S which sends a simplicial sheaf X to the codomain of the morphism α(∅ → X ), where ∅ is the initial object of ∆ op S . The endofunctor Q proj will be called cofibrant resolution. In particular, for every object X of ∆ op S , the canonical morphism from Q proj (X ) to X is a section-wise trivial fibration. Proof. By Example 2, the class of A 1 -weak equivalences in ∆ op S * is∆-closed. Then, it is closed under finite coproducts. Let us consider the case of smash products. By the cube lemma (see [6, Lemma 5.2.6]), one reduces the problem to the unpointed case, i.e., for products in ∆ op S . Using standard simplicial methods, the problem is reduced to show that: for every A 1 -weak equivalence and every simplicial sheaf Z of the ∆ U [0] for U in C , the product f × id Z is an A 1 -weak equivalence. But it follows from Example 2 and Lemma 2.20 of [10] applied to the functor (−) × id Z .
Geometric symmetric powers in cofibre sequences
In this section, we study the geometric symmetric powers on the category of simplicial Nisnevich sheaves. Here, we prove the Künneth's rule for geometric symmetric powers.
Let C ⊂ Sch/k be an admissible category, and fix an object X of C and an integer n ≥ 1. By definition of an admissible category, C is closed under finite products and quotients under finite groups. Then nth fold product X ×n is an object of C , hence, the quotient X ×n /Σ n is also in C . Denote this quotient by Sym n (X). Then, we have a functor Sym n : C → C . It is immediate to observe that Sym n (Spec(k)) is isomorphic to the point Spec(k) for n ≥ 1. By convention, Sym 0 will be the constant endofunctor of C which sends an object X of C to the point Spec(k).
Let us fix n ∈ N. Since C is a small category and ∆ op S is cocomplete, Theorem 3.7.2 of [1] asserts the existence of the left Kan extension of the composite
along the Yoneda embedding h. We denote it by Sym n g and called it the nth-fold geometric symmetric power of Nisnevich sheaves. Explicitly, Sym n g is described as follows. For an sheaf X in S , we denote by (h ↓ X ) the comma category whose objects are arrows of the form h U → X for U ∈ ob (C ), and let F X : (h ↓ X ) → S be the functor which sends a morphism h U → X to the representable sheaf h Sym n U . Then, Sym n g (X ) is nothing but the colimit of the functor F X . The endofunctor Sym n g of S induces an endofunctor of ∆ op S defined termwise. By abuse of notation, we denote this functor by the same symbol Sym n g , if no confusion arises.
Example 11. Let n be a natural number. For each k-scheme X in C , the nth fold geometric symmetric power Sym n g (h X ) of the representable functor h X coincides with the representable functor h Sym n X . Then, we deduce that the section Sym n g (h X )(Spec(k)) is nothing but the set of effective zero cycles of degree n on X.
Next, we provide Lemmas 12, 13 and Proposition 14 in order to prove Corollary 15.
Lemma 12. Let C be a symmetric monoidal category with finite coproducts. Let G be a finite group and let H be a subgroup of G. If X is an H-object of C , then
Proof. Suppose X is an H-object of C . We recall that cor G 0 (X) coincides with the coproduct of |G|-copies of X, it is usually denoted by G × X. Then, we observe that the group G × H acts canonically on G × X, and by definition, cor G H (X) is equal to colim H (G × X). One can also notice that colim G (G × X) = X. Then, we have,
By definition, X/H is equal to colim H X, thus we deduce that cor G H (X)/G is isomorphic to X/H. Lemma 13. Let n, i, j be a three natural numbers such that i, j ≤ n and i + j = n, and let X 0 , X 1 be two objects of a symmetric monoidal category with finite coproducts. Then, the symmetric group Σ n acts on the coproduct k 1 +···+kn=j X k 1 ∧· · ·∧X kn by permuting the indices of the factors, and one has an isomorphism
Proof. After reordering of factors in a suitable way, we can notice that the coproduct
and the right-hand-side is isomorphic to Sym i X 0 ∧ Sym j X 1 , which proves the expected isomorphism.
Proposition 14. Let X 0 , X 1 be two objects of a symmetric monoidal category with finite coproducts. For any integer n ≥ 1, there is an isomorphism
Proof. Let us fix an integer n ≥ 1. We have the following isomorphism,
and for each index 0 ≤ j ≤ n, the object k 1 +···+kn=j X k 1 ∧ · · · ∧ X kn is invariant under the action of Σ n . Hence, we deduce that (X 0 ∨ X 1 ) ∧n Σ n is isomorphic to the coproduct of the quotient ( k 1 +···+kn=j X k 1 ∧ · · · ∧ X kn ) Σ n for j = 0, . . . , n. Finally, by Lemma 13, we obtain that Sym n (X 0 ∨X 1 ) is isomorphic to the coproduct 0≤j≤n (Sym n−j X 0 ∧ Sym j X 1 ), thus we have the isomorphism (4).
Corollary 15. Let C ⊂ Sch/k be an admissible category. Then for every integer n ≥ 1 and for any two objects X, Y of C , we have an isomorphism
Remark 16. Let f be a morphism of the form X → X ∐ Y in C . Then, for every integer n ≥ 1, we have a commutative diagram
where the right vertical arrow is the isomorphism given in Corollary 15 and the bottom arrow is the canonical morphism.
Lemma 17. Let F , G be two objects in S . For any integer n ≥ 1, there is an isomorphism Sym
Proof. Let us fix an integer n ≥ 1. By Corollary 15, for any two objects X and Y of C , we have an isomorphism
Since the Yoneda embedding h : C → S preserves finite product and coproduct, we get an isomorphism
By definition, we have Sym
. Hence, we deduce an isomorphism
Let us consider the functor Φ 1 : C × C → S which sends a pair (X, Y ) to Sym Corollary 18. Let X , Y be two objects in ∆ op S . For any integer n ≥ 1, there is an isomorphism
Remark 19. Let f : X → X ∐ Y be a coprojection in ∆ op S * . Using left Kan extensions, we deduce from Remark 16 that for every integer n ≥ 1, we have a commutative diagram
where the right vertical arrow is the isomorphism given in Corollary 18 and the bottom arrow is the canonical morphism. 
Proof. It follows from Corollary 18.
Let X and Z be two objects in an admissible categoryC and let f : X → X ∨Z be a coprojection in ∆ op S * . For every pair (n, j) ∈ N 2 such that j ≤ n, we denote by L n j (f ) the coproduct (n−j)≤i≤n (Sym i g X ∧ Sym n−i g Z ). Then, for any coprojection f as the previous definition, we have a sequence of morphisms 
) where the left vertical arrows is the isomorphism of Corollary 20.
A coprojection sequence in ∆ op S * is a diagram of the form
where X → Y is a termwise coprojection.
be their corresponding geometric Künneth towers, suppose we have a commutative diagram
Then, one has a commutative diagram (10) Sym
Proof. Since f and f ′ are termwise coprojections, we can assume that f is of form X → X ∨ Z and f ′ of the form X → X ∨ Z . Let us fix an index i ∈ N such that i ≤ n. Then, the morphisms X → X ′ and Z → Z ′ of diagram (9), induce two morphisms Sym
Hence, we obtain a morphism
and by definition this is a morphism L
the commutativity of (10) is clear.
Lemma 22. Let f : X → Y be a coprojection in ∆ op S * and a let ι : Z → Y be a morphism in ∆ op S * such that f ∨ ι : X ∨ Z → Y is an isomorphism, and fix an integer n ≥ 1. Then, for every index 1 ≥ j ≥ n, we have an isomorphism
Then, we have a cocartesian square
Geometric symmetric powers under A 1 -localization
In this section, we follow the ideas of Voevodsky in order to prove that geometric symmetric powers preserve A 1 -weak equivalences between simplicial sheaves which termwise are coproducts of representable sheaves. We also prove the existence of the left derived functors associated to geometric symmetric powers.
Let C be an admissible category of schemes over a field k. For an integer n ≥ 1, the category C Σn denotes the category of functors Σ n → C . We recall that C Σn can be viewed as the category of Σ n -objects of C . Let X be an Σ n -object on C and let x ∈ X. The stabilizer of x is by definition the subgroup stab(x) consisting of elements σ ∈ Σ n such that σ.x = x. Let X be an object C Σn . A family of morphisms {f i : U i → X} i∈I in C Σn is called Σ n -equivariant Nisnevich covering, if each morphism f i viewed as a morphism of C isétale and we have the following property: for each point x ∈ X, viewed as an object of C , there exist an index i ∈ I and a point y ∈ U i such that: f i (y) = x, the canonical homomorphism of residual fields k(x) → k(y) is an isomorphism, and the induced homomorphisms of groups stab(y) ֒→ stab(x) is an isomorphism. We shall denote by (C Σn ) Nis the site consisting of C Σn and the Grothendieck topology formed by the Σ n -equivariant Nisnevich coverings. We will the symbol S Σn to denote the category of sheaves on (C Σn ) Nis .
Remark 23. For n = 1, a Σ n -equivariant Nisnevich covering is a usual Nisnevich covering in C .
A Cartesian square in C Σn of the form (2) is an elementary distinguished square if p is anétale morphism and j is an open embedding when we forget the action of Σ n , such that the morphism of reduced schemes p −1 (X − U) red → (X − U) red is an isomorphism. Notice that when n = 1, this definition coincide with the usual one. The above square induces a diagram
of the above diagram and denote by G Σn,Nis the set of morphisms in C Σn of canonical morphisms from K Q to ∆ X [0] + . The set G Σn,Nis is called set of generating Nisnevich equivalences. On the other hand, we denote by P Σn,A 1 the set of morphisms in C Σn which is isomorphic to the projection from
Σn . By Lemma 13 [3, page 392], the class of weak equivalences of S Σn coincides with the class (11) cl∆(G Σn,Nis ∪ P Σn,A 1 ) .
We denote by Const : C → C Σn the functor which sends X to the Σ n -object X with the trivial action. Let colim Σn : C Σn → C be the functor which sends X to colim Σn X = X/Σ n . By definition of colimit, the functor colim Σn is left adjoint to Const. It turns out that the functor Const preserves finite limits and it sends Nisnevich coverings to Σ n -equivariant Nisnevich coverings. In consequence, the functor Const is continuous and the functor colim Σn is cocontinuous. Let Λ n : C → C Σn be the functor which sends X to the nth fold product X ×n . Then, the endofunctor Sym n of C is nothing but the composition of colim Σn with Λ n .
Proposition 24. The cocontinuous functor colim Σn : (C Σn ) Nis → C Nis is continuous. In consequence, it is a morphism of sites.
Proof. See [3, Prop. 43] By previous proposition implies that the functor colim Σn is a morphism of sites, then it induces an adjunction between the inverse and direct image functors,
moreover, one has a commutative diagram up to isomorphisms
where h is the Yoneda's embedding. We denote by
the functor induced by (colim Σn ) * defined termwise. From the diagram (12), we deduce that γ n preserve terminal object, then it induces a functor
We writeΛ n for the left Kan extension of the composite C 
the functor induced byΛ n defined termwise. SinceΛ n preserves terminal objects, the functor λ n does so, hence it induces a functor
The following lemma will be used in Lemma 26. Proof. Since the functors Sym n g , γ n and λ n are defined termwise, it is enough to show that Sym n g , as a endofunctor of S , is isomorphic to the composition ofΛ n with (colim Σn ) * . Since the functor (colim Σn ) * is left adjoint, Lemma 25 implies that the composite
is the left Kan extension of the composite
along the embedding h : C → S . Now, in view of the commutativity of diagram (12), the preceding composite is isomorphic to the composite
but it is isomorphic to the composite C Sym n −→ C h → S , which implies that the composite (13) is isomorphic to Sym n g , as required. We denote byC + the full subcategory of coproducts of pointed objects of the form (h X ) + in S * for objects X in C . For every object X in C , the pointed sheaf (h X ) + is isomorphic to h (X + ) . Indeed, (h X ) + is by definition equal to the coproduct h X ∐h Spec(k) and this coproduct is isomorphic to the representable functor h X∐Spec(k) which is equal to h (X + ) .
Similarly, we denote byC Σn + the full subcategory of coproducts of pointed objects
Proof. We give an outline of the proof. By Lemma 26, Sym n g is the composition γ n,+ • λ n,+ . The idea is to prove that γ n,+ and λ n,+ preserve A 1 -weak equivalences between objects which termwise are coproducts of representable sheaves. The functor λ n,+ sends morphisms of W Nis,+ ∪ P Nis,+ between objects in ∆ opC + to A 1 -weak equivalences between objects in ∆ opC Σn + . Since Λ n preserves colimits, Lemma 2.20 of [10] implies that γ n,+ preserves A 1 -weak equivalence as claimed. Similarly, in view of the class given in (11), we use the same lemma to prove that γ n,+ sends an A 1 -weak equivalence between objects in ∆ opC Σn + to an A 1 -weak equivalence. This completes the proof.
We define the functor Φ : ∆ opC + → H * (C Nis , A 1 ) as the composite
where the first arrow is the inclusion functor and the second arrow is the localization functor with respect to the A 1 -weak equivalences.
Lemma 28. Let C be an admissible category. The functor
is a strict localization, that is, for every morphism f in H * (C Nis , A 1 ), there is a morphism g of ∆ opC + such that the image Φ(g) is isomorphic to f . Proof. By Theorem 2.5 of [7, page 71] , the category H * (C Nis , A 1 ) is the localization of the category H * (C Nis ) with respect to the image of A 1 -weak equivalences trough the canonical functor. Then, it is enough to prove that the canonical functor ∆ opC + → H * (C Nis ) is a strict localization. Indeed, let f : X → Y be a morphism of pointed simplicial sheaves on the site C Nis representing a morphism in H * (C Nis ). The functorial resolution Q proj gives a commutative square
where the vertical arrows are object-wise weak equivalences. Since the object-wise weak equivalences are local weak equivalences, the vertical arrows of the above diagram are weak equivalences. This implies that f is isomorphic to Q proj (f ) in H * (C Nis ). Moreover, by Corollary 9, the morphism Q proj (f ) is in ∆ 
where the right arrow is the localization functor.
Proof. By theorem 27, the functor Sym Proof. Since Sym 0 X = Spec(k) for every scheme X in C , the endofunctor Sym 
Categoric lambda structures and the main result
Our goal in this section is to prove the main Theorem 34 which asserts that the left derived geometric symmetric powers LSym n g , for n ∈ N (see Corollary 29), induce a λ-structure on the pointed motivic homotopy category H * (C Nis , A 1 ). We start by giving the definition of λ-structure on the homotopy category of a symmetric monoidal model category appearing in [4] .
Let C be a closed symmetric monoidal model category with unit 1. A λ-structure on Ho (C ) is a sequence Λ * = (Λ 0 , Λ 1 , Λ 2 , . . . ) consisting of endofunctors Λ n of Ho (C ) for n ∈ N, satisfying the following axioms:
(ii) (Künneth tower axiom). For any cofibre sequence X f → Y → Z in Ho (C ), and any n ∈ N, there is a unique sequence
called Künneth tower, such that for any index 0
Z). (iii) (Functoriality axiom). For any morphism of cofibre sequences
in Ho (C ), were the horizontal sequences are their respective Künneth towers.
Let Sym n be the abstract nth fold symmetric power defined on ∆ op S , for n ∈ N, which is defined for every pointed simplicial sheaf X to be the quotient Sym n (X ) := (X ∧n )/Σ n . Then, the left derived functors LSym n , for n ∈ N, provide a λ-structure on H * (C Nis , A 1 ) (this result appears in [4, Theorem 57] in the context Nisnevich sheaves on the category of smooth schemes). Indeed, the morphism
has a structure of symmetric co-algebra in the category ∆ op S . Notice that all objects of ∆ op S are cofibrant. We claim that the class of cofibrations and the class of trivial cofibrations in ∆ op S are symmetrizable. Since cofibrations in ∆ op S are section-wise cofibrations of simplicial sets, it follows from Proposition 55 of [4] that cofibrations are symmetrizable. Let f be a trivial cofibration in ∆ op S . By the previous case f is a symmetrizable cofibration. For every point P of the site C Nis , the induced morphism f P is a weak equivalence of simplicial sets. By [4, Lemma 54] , the nth fold symmetric power Sym n (f P ) is also a weak equivalence. Since the morphism Sym n (f ) P coincide with Sym n (f P ), we deduce that the nth fold symmetric power Sym n (f ) is a weak equivalence too. Hence, by [4, Corollary 54] , f is a symmetrizable trivial cofibration. Finally, Theorem 38 and Theorem 22 of [4] imply the existence of left derived functors LSym n , for n ∈ N, and they provide a λ-structure on H * (C Nis , A 1 ).
Proof. Let f : X → Y be a termwise coprojection in ∆ opC + . Then, for each natural n, there exist two set of indices I n and J n such that I n ⊂ J n , and a family {X n,i } i∈Jn of objects of C such that X n = i∈In (h X n,i ) + and Y n = i∈Jn (h X n,i ) + . If we put Z n := i∈Jn\In (h X n,i ) + , then we have Y n = X n Z n . Hence, we get a cocartesian square
By the functoriality of pushouts, the get an simplicial object Z in ∆ opC + such that Z ≃ Y /X and Y ≃ X ∨ Z .
Proposition 32. Let C be an admissible category. We have the following assertions:
is isomorphic to a split coprojection sequence of the form
(b) Every morphism of cofibre sequences
, is isomorphic to a morphism of split cofibre sequences of objects in ∆ opC + .
Proof. (a). Let X → Y → Z be a cofibre sequence in H * (C Nis , A 1 ), where f is a cofibration from X to Y in ∆ op S * , such that Z = Y /X . Let Q proj be the cofibrant resolution given in section 2 and let us consider the induced morphism Q proj (X ) → X . By Corollary 8, the composition of Q proj (X ) → X with f induces a commutative diagram 
in H * (C Nis , A 1 ). Let us consider the functors LSym i g , for i ∈ N, of Corollary 29). We define the object LL n i (f ) in H * (C Nis , A 1 ) to be
where the coproduct is the coproduct ∨ L is defined above. Now, we are ready to state and prove our main theorem.
Theorem 34. Let C be an admissible category. The endofunctors LSym n g , for n ∈ N, provides a λ-structure on H * (C Nis , A 1 ). 
Proof. By Lemma 30, LSym

